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We show that topological strings on a class of non-compact Calabi-Yau threefolds
is equivalent to two dimensional bosonic U(N) Yang-Mills on a torus. We explain this
correspondence using the recent results on the equivalence of the partition function of
topological strings and that of four dimensional BPS black holes, which in turn is holo-
graphically dual to the field theory on a brane. The partition function of the field theory
on the brane reduces, for the ground state sector, to that of 2d Yang-Mills theory. We
conjecture that the large N chiral factorization of the 2d U(N) Yang-Mills partition func-
tion reflects the existence of two boundaries of the classical AdS2 geometry, with one chiral
sector associated to each boundary; moreover the lack of factorization at finite N is related
to the transformation of the vacuum state of black hole from a pure state at all orders in
1/N to a state which appears mixed at finite N (due to O(e−N ) effects).
June, 2004
1. Introduction
In a recent paper [1], following earlier work [2], a relation was proposed between the
partition function of 4d BPS black holes and the topological string partition function:
ZBH = |Ztop|
2.
On the other hand the black hole partition function is given by the partition function of a
quantum field theory living on the brane which produces the black hole:
ZBH = Zbrane
which in turn leads to
ZBH = Zbrane = |Ztop|
2. (1.1)
In some cases, as was noted in [1], the relevant brane theory is given by a topologically
twisted maximally supersymmetric Yang-Mills theory. The charge of the magnetic D-
branes pI and the chemical potentials for the electric D-branes φI fix the homogeneous
coordinates on the moduli of the Calabi-Yau by
XI = pI + i
φI
pi
where in the A-model topological string (in a suitable gauge) we have the topological string
coupling constant gs given by
gs =
4pii
X0
.
The aim of this paper is to give a concrete realization of (1.1). In fact we shall see that
an anology pointed out in [1] can be concretely realized in this context: It was noted in [1]
that the relation (1.1) is analogous to the relation between the large N expansion of the
partition function of 2d Yang-Mills theory on a Riemann surface and the existence of an
almost factorized structure into holomorphic and anti-holomorphic maps to the Riemann
surface [3,4,5,6]. Here we construct a class of non-compact Calabi-Yau threefolds for which
the Zbrane is equivalent to a topologically twisted 4 dimensional N = 4 supersymmetric
U(N) Yang-Mills theory which in turn can be mapped to the two dimensional bosonic
Yang-Mills on a two dimensional torus. We thus end up identifying the topological string
theory encountered in the large N expansion of Yang-Mills theory with that of topological
A-model on a local Calabi-Yau threefold. This is consistent with the observations of
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similarities between large N ‘t Hooft expansion of 2d Yang-Mills and topological strings
on 3-folds. For example it was already shown in [7] that the large N expansion of 2d
Yang-Mills theory on T 2 does satisfy the holomorphic anomaly equation of [8] which is
a property expected for topological strings on threefolds. Moreover we show using direct
computation of the corresponding topological string that the two sides are equal to all
orders in string perturbation theory.
In fact this example also shows the more general meaning of (1.1): It is known that
for finite N the 2d Yang-Mills theory does not factorize to a holomorphic square. This is
only the structure as N → ∞. Nevertheless there is a precise finite answer for finite N .
What this means is that the right hand side of (1.1) is the absolute value square of the
holomorphic function to all orders in string perturbative expansion (i.e. to all orders in
1/N) but at finite N this structure loses its meaning. In other words there is no sense
to the non-perturbative meaning of Ztop. It is only the “absolute value squared” |Ztop|2,
i.e. a density operator which may have a non-perturbative meaning. In the quantum
mechanical correspondence discussed in [1] this would map to the statement that the state
corresponding to the black hole is a pure state to all orders in the 1/N expansion which
becomes mixed at order O(exp(−N)). Here N can be viewed as being proportional to the
radius of AdS2. Moreover we conjecture that to all orders in the 1/N expansion, where
Ztop and Ztop are well defined, they can be identified with the two boundaries of AdS2,
thus proposing a single dual theory for AdS2.
The organization of this paper is as follows: In section 2 we review the results for
the partition function for U(N) and SU(N) Yang-Mills on T 2. In section 3 we discuss a
particular class of local threefolds (involving the total space of a direct sum of a line bundle
and its inverse on T 2) and show, using the ideas of topological vertex, that the perturbative
amplitudes of topological strings matches the largeN expansion for amplitudes of the U(N)
bosonic Yang-Mills on T 2. In section 4 we use the ideas in [1] to relate the topological
string theory amplitudes to the dual brane theory, which turns out to be four dimensional
N = 4 topologically twisted Yang-Mills theory on a line bundle over T 2. In section 5
we show that this topologically twisted theory reduces to a two dimensional topologically
twisted theory on T 2 which in turn is equivalent to 2d bosonic Yang-Mills on T 2, thus
completing the circle of ideas. In section 6 we discuss some implications for the black hole
physics.
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2. Yang-Mills on the two dimensional torus
Two dimensional Yang-Mills theory was solved in [9,10,11,12,13]. Moreover this theory
was studied at large N beginning with [3] from a number of viewpoints [4,5,6,14,15,16].
Here we will only need the results for the partition function of U(N) and SU(N) Yang-Mills
theory on T 2. Consider the 2d Yang-Mills action for group G:
S =
1
2g2YM
∫
T 2
[TrF 2 + θTrF ]
where the latter term is non-zero only for U(N). For simplicity of expression we often
take the area of T 2 to be 1. The area dependence can be restored by dimensional analysis
(g2YM → g
2
YMA). The partition function for this theory can be obtained as a sum over
representations R: ∑
R
exp(−
1
2
g2YMC2(R) + iθC1(R))
For SU(N) the representations R are given by 2d Young diagrams. Consider a Young
diagram where the k-th row has nk boxes with k = 1, ..., N , where ni ≥ nj for i > j. In
this case the C2(R) is given by
C2(R) =
N∑
i=1
ni(ni +N + 1− 2i)−
n2
N
where
n =
N∑
i=1
ni.
For the SU(N) theory the C1(R) = 0. The representations of the U(N) theory can be
obtained from those of the SU(N) theory by noting the fact that
U(N) = SU(N)× U(1)/ZN . (2.1)
In other words, by decomposing the representation in terms of a represention R of SU(N)
and a charge q of U(1) we have q = n+Nr reflecting the relation (2.1).
For the U(N) representation the casimirs are given by
C2(R, q) = C2(R) + q
2/N (2.2)
C1(R, q) = q
3
At large N the SU(N) partition functions splits up essentially to a product of a
holomorphic and an anti-holomorphic function inolving certain chiral blocks Z± of the
U(N) theory. We have
Z+ =
∑
R+
exp(−
1
2
g2YMC2(R+) + iθ|R+|)
Z− = Z
∗
+
where by the sum over R+ we mean summing over all Young diagrams (i.e. labelling
representations of SU(∞) ) and |R+| denotes the total number of boxes. We define a new
casimir κ(R+) by
C2(R+) = κ(R+) +N |R+|
which is given by
κ(R+) =
∞∑
i=1
ni(ni + 1− 2i).
Note that κ(R+) does not have any explicit dependence on N . We can write Z+ as
Z+ =
∑
R+
exp(−
1
2
g2YMκ(R+)− t|R+|)
where
t =
1
2
Ng2YM − iθ.
In terms of these chiral blocks the SU(N) partition function at large N takes the almost
factorized form
ZSU(N) = exp[
g2YM
2N
(∂t − ∂t)
2]Z+(t)Z−(t)
where we set t = t after taking the derivative. This arises by splitting the 2d Young
diagrams as excitations with columns with few boxes (giving R+) combined with columns
of order of N boxes (whose complement gives R−).
It is also useful for us to expand the U(N) partition function at large N . In this case
we have an extra sum over the U(1) charges. Using the relation (2.2) we can relate this
to the ZSU(N) as follows: Let n± denotes |R±|. Then the total number of boxes of the
SU(N) representation is Nl− + (n+ − n−) where l− is the number of boxes of the first
row of R−. Since the U(1) charge q is equal to the number of boxes of the Young diagram
mod N we have
q = Nr +Nl− + (n+ − n−) = Nl + (n+ − n−) (2.3)
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where we have defined a new variable l = r + l−. Here l runs over arbitrary positive and
negative integers. We thus have to add to partition function of SU(N) a multiplicative
term
exp(−g2YMq
2/2N) = exp[
−g2YM (Nl + n+ − n−)
2
2N
]
Note that this multiplicative term cancels the g2YM (n+ − n−)
2/2N term which mixes the
two chrial block and instead gives
exp(−g2YM [l(n+ − n−)]−
1
2
Nl2g2YM ) = exp(g
2
YM l(∂t − ∂t)−
1
2
Nl2g2YM )
This acting on the two blocks just shifts the arguments together with the extra prefactor
exp[
−1
2
(t+ t)l2] Z+(t+ lg
2
YM )Z−(t− lg
2
YM )
We also have to add the iθq term to this. In order to do this note that if we do not
set t = t the above expression would have given iθ(n+ − n−). This is almost q given by
(2.3). To correct it we need to also add an extra factor
exp[−N(t− t)l/2)] = exp[
−1
g2YM
(t+ t)(t− t)l/2] = exp[
−1
2g2YM
(t2 − t
2
)l]
Note that the prefactors can be neatly combined as follows: Consider a modified
Z+(t)→ Z+(t) · exp[
−t3
3!g4YM
]
It is also natural to further multiply Z+(t) → Z+(t) · exp(t/24) (this will give the usual
prefactor for the one loop term for the Dedekin eta function). Similarly it is natural to
add a ‘casimir’ term to the U(N) Yang-Mills:
ZU(N) → exp[−
t3 + t
3
3!g4YM
+
t+ t
24
]ZU(N)
This amounts to adding a term N(N2 − 1)/12 term to the C2(R) (when θ = 0) which
is natural in the fermionic formulation of 2d Yang-Mills [14,15]. In the topological string
context the N3 terms corresponds to the classical amplitude at genus 0 and the N term
corresponds to the classical contribution at genus 1. Then we have the full U(N) partition
function as being given at large N by
ZU(N) =
+∞∑
l=−∞
Z+(t+ lg
2
YM )Z−(t− lg
2
YM ) (2.4)
It is this factorized form which we will need to make contact with the predictions of [1].
Note that non-perturbatively, i.e. for finite N , the expression (2.4) would not be true. The
full answer of course exists for finite N but does not take a factorized form as is suggested
in this perturbative version. Later we will interpret the sum over l as a sum over RR-fluxes
on T 2 in the type IIA setup.
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3. Local Elliptic Threefold and U(N) Yang-Mills on T 2
Topological A-model amplitudes on local toric threefolds can be effectively computed
using topological vertex [17]. This involves using the toric graph of the threefold as a
Feynman diagram with cubic vertices, with edges labeled by arbitrary 2d Young-diagrams.
Each edge has a ‘Schwinger time’ ti (which corresponds to Ka¨hler classes of the 3-fold)
and a propagator factor given by e−ti|R| where |R| is the number of boxes of the Young
diagram R. In addition each oriented edge can be identified with a primitive 1-cycle v of
a two torus. With a given choice of basis this can be represented by two relatively prime
integers (p, q) = v. In addition each edge comes with a choice of a ‘framing’ f which is
another choice of a 1-cycle of T 2 with the property that (f, v) forms a good basis for the
integral 1-cycles of T 2. This means f ∩ v = 1. Note that f is unique up to an integer shift
m times v
f → f +mv
For any three edges incoming to a vertex we have
3∑
i=1
vi =
3∑
i=1
(pi, qi) = (0, 0)
The interactions are cubic and given by a vertex CR1R2R3 . More precisely the vertex does
depend on the choice of the three framings fi. Changing the framing fi by an integer
amount fi → fi +mivi changes
CR1R2R3 → q
∑
i
miκ(Ri)/2CR1R2R3
where q = e−gs and κ(R) denotes a second casimir of R with the unique property that
κ(Rt) = −κ(R), where Rt denotes the Young diagram which is the transpose of R.
Fixing a canonical framing and gluing the vertices with compatible framing leads
to arbitrary toric threefolds. It is possible to choose different framings on each edge
without affecting the geometry as long as the framing on both vertices are changed in
opposite directions. The effect of framing would then cancel. If however one changes
the relative framing between vertices which are being glued together one changes the
intersection numbers of the Calabi-Yau. This can be inferred for example from [17,18].
Let C2 denote the two cycle defined by the edge and C4 define a 4-cycle whose projection
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on toric base contains the same edge. Then changing the relative framing of the edge by
m units affects the intersection of C2 and C4 by
∆(C2 ∩ C4) = m
There is a sense of orientation here. In particular there are two natural toric 4-cycles
containing C2, given by one of the two faces bordering the edge. Let us denote them by
C4, C
′
4. C4 is determined by the direction of the framing vector f . For C
′
4 we have
∆(C2 ∩ C
′
4) = −m.
The elements involved in the definition of the topological string amplitudes for toric
threefold are very similar to that of 2d Yang-Mills1. Here we wish to make contact with
2d U(N) Yang-Mills on T 2, whose chiral partition function is given, as discussed in the
previous section, by
ZYM+ =
∑
R
QC2(R)/2 exp(iθC1(R))
where Q = exp[−g2YMA] where A is the area of torus and gYM is the Yang-Mills coupling
and θ is the theta angle in 2d. For simplicity of notation we set A = 1 (by dimensional
analysis it can always be restored). This is a very similar object to the propagator of
the topological strings, where C2(R) and κ(R) differ by terms involving the first casimir
C1(R) = |R|. In fact this can also be rewritten as discussed in the last section as
ZYM+ =
∑
R
Qκ(R)/2exp(−
1
2
Ng2YM + iθ)|R|
Let us define
tYM =
1
2
Ng2YM − iθ
Then we have
ZYM+ =
∑
R
Qκ(R)/2exp(−tYM |R|). (3.1)
This is very similar to the expressions of topological strings on toric threefolds and we ask
whether or not it corresponds to a particular threefold? The fact that there is a trace
over all representations suggests that we glue an edge to itself, giving a ‘loop’ for the
1 This has been previously observed by R. Gopakumar and M. Marino [19] in the context of
finding a closed string dual to 2d Yang-mills on the sphere. See also the related work [20].
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toric Feynman diagram. This is only possible if the plane of toric diagram is periodically
identified. It is possible to interpret this geometrically as was done in [17] and [21]. In
particular if we just consider gluing an edge to itself we obtain a torus whose Kahler class
is given by the length of the edge t. Note that this is consistent (up to classical polynomial
terms in t that topological vertex does not compute) with the fact that
∑
R
exp(−t|R|) = 1/
∞∏
n=1
(1− e−nt)
and that the topolgoical string amplitude on C×C×T 2 is given by the inverse of Dedekind
eta function (assuming that euler character of C2 is one) [22].
To obtain the full structure of the 2d Yang-Mills (3.1) we also need to include framing.
In particular before gluing the vertex back to itself we perform a change of framing by m
units and then glue. In this way we obtain
Ztop =
∑
R
qmκ(R)/2exp(−t|R|)
We see that Ztop = Z
YM
+ provided that we identify
Q = qm → g2YM = mgs
tYM = t→
1
2
Ng2YM − iθ = t→
1
2
Nmgs − iθ = t
Note that the classical triple intersection number for this geometry would lead to the
natural prefactor we introduced for the U(N) Yang-Mills theory if we assign it to be
F0(t)
g2s
+ F1(t) = −
t3
3!m2g2s
+
t
24
= −
t3
3!g4YM
+
t
24
.
Due to the non-compactness of the geometry this is a bit difficult to apriori justify; nev-
ertheless it is gratifying to see that the Yang-Mills Casimir prefactors have a natural
geometric interpretation in terms of a choice of triple intersection number (entering F0)
and the second chern class (entering F1).
We next turn to what is the non-compact threefold geometry defined by this framing
operation.
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3.1. The elliptic threefold geometries
As discussed before the framing operation affects the interesction numbers. To begin
with we can view the local geometry before twisting by the framing factor, as a direct sum
of two trivial line bundles on T 2:
O(0)⊕O(0)→ T 2
The two faces of the toric digram correspond to the two cycles C4 and C
′
4 which in this
case are both isomorphic to
C4 = C
′
4 = O(0)→ T
2
Note that
C4 ∩ T
2 = 0
After twisting by the framing the two line bunldes have changed in such a way that
their intersection numbers with T 2 change to m and −m. Moreover their line bundles are
canonically inverse of one another (for the threefold to have trivial canonical line bundle).
We will now show that this implies that the local threefold is given by
L−m ⊕Lm → T 2
where Lm is a degree m line bundle over T 2. This is unique up to tensoring by a flat
bundle. Lm is characterized by the statement that a holomorphic section of this bundle
has a divisor of degree m on T 2 which denotes the zeros of the corresponding holomorphic
section. Moving the m divisors on T 2 corresponds to choosing a different holomorphic
section. L−m is the inverse degree −m bundle. Each meromorphic section of it will have
at least m poles. In this context we have
C4 = L
−m → T 2
C′4 = L
m → T 2.
We will now show that
C4 ∩ T
2 = m.
To show this deform T 2 to T 2
′
by using a holomorphic section of Lm. As long as we are
away from zeros of this section this does not intersect C2. The zeros of the holomorphic
section are precisely where it intersects C4 transversally. Thus the intersection number
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is m because there are m zeros for the holomorphic section. Note that this uniquely
defines the geometry of the normal bundles. We have thus shown that the local threefold
corresponding to the case where Ztop = ZYM is given by the sum of a degree m line bundle
and its inverse on T 2. This local geometry we shall call Em:
Em = L
−m ⊕Lm → T 2.
4. Black Hole and Elliptic Threefold
Recently it was suggested in [1] that there is a deep connection between 4d BPS black
holes and topological strings, namely the partition function of 4d black holes is given by
the square of the topological string partition function:
ZBH = |Ztop|
2
where the moduli of the Calabi-Yau is fixed by the attractor mechanism. Moreover
ZBH = Zbrane
is the partition function on the brane defining the black hole, which leads to
Zbrane = |Ztop|
2.
This is roughly the structure we have here. Namely if somehow the brane theory is equiv-
alent to U(N) 2d Yang-Mills, since
ZYM ∼ ZYM+ Z
YM
− = ZtopZtop
we would obtain Zbrane = |Ztop|
2. This is almost the structure we found for U(N) 2d
Yang-Mills theory at large N . However we found in addition an extra sum over integer l:
ZYM =
∑
l
ZYM+ (t+ lg
2
YM )Z
YM
− (t− lg
2
YM )
This extra sum was related to the U(1) ⊂ U(N) charge. Viewed from the topolgoical
string side this would lead to the statement
Zbrane =
∑
l
Ztop(t+mlgs)Ztop(t−mlgs) (4.1)
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We could have restricted the sum to a fixed l = 0 and interpret it as ‘freezing’ of the
U(1) center of mass dynamics of the black hole. However, given that the non-perturbative
completion of the U(N) theory requires this sum, it is important to better understand the
physical meaning of this sum for the black hole partition function. Our local geometry Em
is to be viewed as the attractor fixed point for the black hole geometry. However the full
partition function of the theory should include a sum over all finite energy configurations,
and in this case this includes the sum over RR flux on the compact cycle T 2. Note that this
can preserve the same amount of supersymmetry as the BPS black hole and it would be
natural to expect that it enters the full black hole partition function. It is also natural to
consider turning on RR-flux on 2-cycles. As discussed in [23] this has the effect of shifting
Ztop → Ztop(t+ lmgs)
where the coefficient m enters here because of the intersection of T 2 with C4 as was
explained in [23]. The same reasoning as in [23] would lead to the statement that for anti-
topological theory Ztop → Ztop(t−lmgs). This means that the dynamics of the U(1) sector
mixes with the RR 2-form flux (which is natural from the viewpoint of the CS coupling
of the U(1) to the gravitational sector). We thus end up with a simple interpretation of
(2.4) as the full partition function for the black hole background including a sum over RR
fluxes through T 2. Thus (4.1) is consistent with the results of [1] which focused on the
zero flux sector l = 0.
4.1. Setting up the map between 4d and 2d Yang-Mills
To complete the circle of ideas we need to show that the brane gauge theory which
is the four dimensional N = 4 topologically twisted U(N) Yang-Mills theory on C4 is
equivalent to bosonic 2d U(N) Yang-Mills theory on T 2 with
g2YM = mgs θYM = θ.
The relation between the charges and the moduli in the type IIA setup is given by [1]
ti = 2piiX i/X0
gs = 4pii/X
0
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where i = 1, ..., h1,1 and
XI = pI + i
φI
pi
where pi denotes the magnetic charge (given by D4 branes wrapped over 4-cycles) dual
to the electric charges (given by the D2 branes wrapped on dual 2-cycles) and φi are the
chemical potentials for the electric charge. Moreover p0 denotes the number of D6 branes
and φ0 is the chemical potential for the 0-branes.
Even though the main discussion in [1] was in the context of compact Calabi-Yau’s, it
is natural to expect that this relation continues to hold (with suitable boundary conditions)
also for the case of non-compact Calabi-Yau. This is natural to expect because the right
hand side does make sense for the non-compact Calabi-Yau’s. In fact this can be viewed
as a limit of the considerations of [1] where we take a large volume limit of a compact
Calabi-Yau and focus on a particular sector of the theory localized near some compact
cycles.
So let us consider our elliptic threefold Em. There is only one compact 2-cycle T
2
which we identify with an electric charge. Here we only have X0 and X1 and
t = 2pii
X1
X0
For the mangetic charge dual to the electric 2-cycle charge we can consider the four
cycle C4. However note that the quantum of magnetic charge is m times bigger on this
cycle because C4 ∩ T 2 = m. Thus if we consider N D4 branes wrapping C4 it will have
magnetic charge p1 = Nm.
To make contact with the parameters defined in the previous section we see that we
have to set
gs =
4pii
X0
=
4pii
p0 + iφ
0
pi
which for real gs implies p
0 = 0, i.e. we have no D6 branes. We thus set
gs =
4pi2
φ0
→ φ0 =
4pi2
gs
where φ0 is the chemical potential for the 0-brane. Similarly we have
X1 =
1
2pii
X0t =
2
gs
(
1
2
Nmgs + iθ) = Nm+
2iθ
gs
12
which implies
p1 = Nm φ1 =
2pi
gs
θ
We now ask what is the gauge theory on the brane? We have no D6 branes but we do
have Nm magnetic branes. This is reassuring as it is naturally quantized in multiples of
m: We just take N D4 branes wrapped around C4 and this gives magnetic charge Nm as
discussed before. This gives a topologically twisted N = 4, U(N) gauge theory on C4. In
fact the twisting is exactly the one studied in [24]. All we have to do now is to induce the
corresponding chemical potentials for the D0 and D2 branes. To induce a D0 brane charge
we have to use an interaction term 14pi2
∫
C4
1
2 trF ∧ F which means that we introduce the
term
φ0
4pi2
∫
C4
1
2
trF ∧ F =
1
2gs
∫
C4
trF ∧ F
To induce the electric charge corresponding to D2 wrapping T 2 we note that the charge
is measured by 1
2pi
∫
C4
F ∧ k where k is the unit volume 2-form on T 2. We thus add the
additional term to the action
φ1
∫
F ∧ k
2pi
=
θ
gs
∫
F ∧ k
We thus add to the topologically twisted N = 4 Yang-Mills on C4 the term
1
2gs
∫
C4
trF ∧ F +
θ
gs
∫
F ∧ k (4.2)
All we have to do now is to show that the partition function of this theory is equivalent
to that of 2d U(N) Yang-Mills theory on T 2 with g2YM = mgs and θYM = θ. We will show
in the next section that, modulo some plausible assumptions, this is indeed the case.
5. N = 4 topological Yang-Mills and 2d Yang-Mills
The N=4 theory on the N D-branes wrapping C4 is the twisted theory of the type
studied in [24]. To see this it essentially suffices to study the spin content of the 3 complex
adjoint fields T, U, V . In the theory studied in [24], for Ka¨hler manifolds, two of them T, U
are ordinary scalars but one of them V is a section of (2, 0) line bundle. As noted in [25]
to find the twisted theory and in particular the spin content of the scalars we have to look
at the normal bundle to our brane, i.e. the normal bundle to C4. Four of them correspond
to moving in spacetime and these correspond to scalars on C4. These we identify with
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the T, U . The other one V corresponds to moving C4 inside the Calabi-Yau and thus this
corresponds to a section of V ∈ S(Lm). But that is precisely the (2, 0) bundle on C4. To
see this note that Tdwdz would be well defined if w denotes the coordinate of L−m bundle
over T 2 and z denotes the coordinates of T 2.
To simplify the analysis of this theory we add mass terms to the adjoint fields as in
[26] and [24]. This corresponds to addition of a superpotential
W = mUV + ωT 2
where as explained in [26] W is a section of (2, 0) bundle on C4 which is satisfied if m is
a constant and ω is a holomorphic section of the (2, 0) line bundle. Addition of this term
does not affect the N = 4 topological theory. The simplification for doing this is that
the theory is simpler with N = 1 and in particular has a mass gap. The basic strategy
of [24] was to study the symmetry structure of this theory. The simplest situation would
arise if ω has no zeroes. In this case we have a purely N = 1 theory in the IR and
this sturcture and topological invariance was enough to fix all the parameters (with the
help of a few computations for special examples) [24]. If ω has zeroes, it will appear at
complex codimension one, i.e. on ‘cosmic string’ loci in the four manifold. This would
then give additional contributions to the bulk, coming from the cosmic strings. Again
some general facts about what can appear there and the assumption of Montonen-Olive
duality essentially fixed the answer in [24].
The case at hand has one major difference with most of the cases considered in [24]:
For us the four manifold C4 is non-compact. For such a case no general strategy was
proposed in [24] but some special cases related to the work of Nakajima on instantons
on ALE spaces was studied as a check of Montonen-Olive conjecture. A crucial role was
played there by the choice of a flat connection at infinity, which relates to the choice of
the holonomy of the U(N) gauge theory at infinity, i.e. a map pi1(Boundary)→ U(N).
The approach we follow here is to add the mass term, as was done in [24] for the
compact cases, but also use the symmetries of the non-compact theory to constrain our
answer. For us ω is a section of Lm. This means that each holomorphic section will have
m zeroes localized on m cosmic strings which span (zi, w) where zi denotes the zero of
the section ω as a function of the point z on T 2, and w denotes the coordinate of the
holomorphic line bundle L−m over each zero zi. First let us ignore these zeroes–we will
return to them after we have discussed the bulk physics.
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The fact that the space is non-compact means that we cannot sum over all the allowed
vacua as in the compact case of [24] but rather we have to select which vacuum we are
in. We take this to be the vacuum corresponding to preserving the U(N) symmetry and
which classically corresponds to setting T = U = V = 0.
Since our space is non-compact we have to deal with boundary conditions. In par-
ticular for each point z on the torus we have a complex plane w representing the fiber of
L−m. For each such plane we have to specify the boundary condition. Since the boundary
of the complex plane is a circle, all we have to do is to specify the holonomy U at a circle
at infinity. Let for each z, Φ(z) denote the generator of this holonomy, i.e., U = eΦ. In
other words in a suitable gauge
Φ(z) =
∮
S1
z,|w|=∞
A. (5.1)
What can be said about the field configurations as we come inwards on each fiber? We
note that C4 enjoys a U(1) symmetry corresponding to phase rotations of the line bundle
L−m:
(z, w)→ (z, eiθw)
We will make the assumption that the path integral for the topologically twisted Yang-
Mills can be localized to U(1) invariant configurations. To argue why this can be assumed
note that the Ka¨hler metric on each fiber of C4 can be viewed as d|w|2∧dθ which is a half-
line times a circle. That we can restrict the configurations of the supersymmetric theory
to be independent of θ is plausible as is familiar from Witten’s index Tr(−1)F exp(−βH):
The index is independent of β and considering β → 0 gives time independent field con-
figurations. The main difference in our case is that our space is a half-line and so the
configurations can become somewhat singular near |w| = 0. We will assume that the
nature of the singularity is mild and compatible with the θ invariance for |w| > 0. In
particular being θ independent means that for each fiber (in a suitable gauge)
∫
fiber
Fww(z, w)dwdw = Φ(z)
Note that this circle invariance has effectively reduced our N = 1 gauge theory on C4 to a
topologically twisted (2, 2) supersymmetric gauge theory on T 2. Under this reduction the
observables in (4.2) map to ∫
T 2
[
1
gs
TrFΦ+
θ
gs
TrΦ]
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So far we have ignored the m zeroes of ω. At these points T becomes massless and so
integrating T out for the effective (2, 2) theory on T 2 should introduce some topologically
invariant point-like observables on the effective 2d theory at these points. The topologically
invariant point-like observables at a point z are given by TrΦr(z) for some positive integer
r. We will now argue that only the r = 2 term is generated and with strength 1/2gs. In
particular we will now show that the term
m∑
i=1
1
2gs
TrΦ2(zi) (5.2)
is generated. We will argue this by consistency as follows: When we desribe the field Φ as
the holonomy about the circle at the infinity of the L−m fiber, this assumes a trivialization
of this circle bundle. Let 1/ϑ(z, τ) denote a hololomorphic section of the L−m bundle
where ϑ(z, τ) is a suitable theta function. This section will have m poles at zi, the zeroes
of ϑ. We can use the argument of 1/ϑ to define a trivialization of the circle bundle on
T 2−{zi}. This gives a global definition of holonomy Φ for T 2−{zi}. We then need to glue
this to the circle bundles over each small neighborhood Ui of zi. However in this gluing
we will need to do a ‘surgery’ because of the poles of 1/ϑ: The circle on T 2 going around
each zi is identified with the circle at infinity over zi. Let S
1
i denote an inifinitesimal circle
on T 2 going around zi, and let S
1
∞i denote the circle over zi from the line bundle. Then
we have to identify these two classes:
[S1i ] = [S
1
∞i].
If we consider the holonomy around this circle we learn that
∫
neighborhood zi
F (z) =
∫
S1
i
A =
∫
S1
∞i
A = Φ(zi)
This is exactly consistent with the insertion of the term 1
gs
TrΦ2(zi), because from the term
1
gs
TrΦdA we see that A and Φ are conjugate variables so if we consider
1
2gs
〈...
∮
zi
A TrΦ2(zi)...〉 = 〈...Φ(zi)...〉
reproducing the above geometric fact. Summing up all these terms for each point we obtain
the term given in (5.2).
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Since the point observables are independent of which point they are inserted we can
put them at any point and integrate over them with the unit area. We have thus ended
up with the action ∫
T 2
[
1
gs
TrFΦ+
θ
gs
TrΦ +
m
2gs
TrΦ2]
As argued in [27], this topologically twisted theory is equivalent to the bosonic 2d Yang-
Mills theory upon integrating out Φ and the fermions. In particular we get
−
∫
T 2
1
mgs
[
1
2
TrF 2 + θTrF ]
Leading to the identification
g2YM = mgs θYM = θ.
This concludes what we wished to show.
6. Implications/speculations for the black hole physics
It was conjectured in [1] that a relation of the form ZBH = |Ztop|2 exists for all
BPS black holes in 4 dimensions. Note that our geometry is given by AdS2 × X where
X = S2 × CY . What is the meaning of this squared structure |...|2? In this context it is
natural to recall a related puzzle [28,29,30]: Unlike higher dimensional AdSp geometries,
AdS2 has two boundaries. This has raised the question of whether we should have one
or two CFT1 duals. In the present case, as noted in [1] the AdS2 geometry should be
holographic dual to the D4 brane worldvolume theory, which as we have noted reduces,
for the ground state sector, to the dynamics of 2d Yang-Mills. The geometry of AdS2 is
reminiscent of the structure of 2d U(N) Yang-Mills theory which at N >> 1 splits to two
chiral sectors which don’t talk with one another. It is natural to identify one chiral sector
with one boundary of AdS2 and the conjugate sector with the opposite boundary. At
infinite N the two boundaries don’t talk with one another just as the two chiral sectors of
the U(N) Yang-Mills don’t couple. In terms of our discussion we conjecture that classically
(as N → ∞) we identify Ztop with the wave function at the left boundary of AdS2 and
Ztop with the wave function at the right boundary. There is some evidence that this is the
correct picture [31], where one identifies the dynamics near the two fermi surfaces of the
fermionic formulation of 2d Yang-Mills [14,15] with the two boundaries of AdS2.
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However what is the significance of the lack of the splitting2 of the two chiral sectors
at finite N as we have discovered here? It was noted that Ztop should be viewed as a
state in a Hilbert space [33] which would be natural by associating each to one of the two
boundaries of AdS2. To gain a better understanding of the mixing let us rewrite the result
for ZBH as
ZBH = 〈Ztop|Ztop〉 = Tr|Ztop〉〈Ztop| = Trρ
where ρ is a density matrix. In this context the lack of factorization at finite N means
that in this context there is no |Ztop〉 which satisfies the above equation. In other words
ρ is not a pure state at finite N . Associating this to the vacuum state of the black hole
would suggest that for finite N the black hole vacuum is not a pure state. These ideas are
currently under investigation [31].
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2 For a different string theory application of lack of this factorization see [32].
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